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Abstract
The generalization of electromagnetic and gravitational hopfions is per-
formed in terms of a complex scalar field. New definition of topological charge
for linearized gravity is given. Quasi-local (super-)energy densities are com-
pared for gravitational hopfion.
1 Introduction
A hopfion or Hopf soliton is a ‘solitonary’ solution of spin-N field which has non-
trivial topological properties. Field lines of the Hopf solution are related to the
structure of Hopf fibration. The characteristic structure of hopfion can be easily
seen on the integration curves of the vector field (see [5]). Briefly, the field lines are
linked and form a knot. It cannot be unknoted without cutting.
In 1977 Trautman [22] proposed the first electromagnetic solutions which were
derived from the Hopf fibration. Ran˜ada developed them to propagating solutions
in refs [16, 17]. Last years, these little known solutions become more interesting
because hopfions have successful applications in many areas of physics including
electromagnetism [18, 5], magnetohydrodynamics [13], hadronic physics [19] and
Bose–Einstein condensate [14]. The definition of hopfion was extended in [21]. It
includes a class of spin N-fields and uses this to classify the electromagnetic and
gravitational hopfions by algebraic type.
The paper has two main parts: the first is related to electromagnetic generaliza-
tion of hopfion, the second one presents the linearized gravity case.
∗E–mail: Tomasz.Smolka@fuw.edu.pl
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In the first part, we briefly present a description of electromagnetic hopfion-like
solution with the help of a complex scalar field1 Φ. The description of E-M field in
terms of Φ is presented in the appendix B. We demonstrate a simple parametrization
of such class of generalized hopfions by scalar wave function Φ. The reconstruction
of electromagnetic solution from such function is presented. Next, we show the
condition for conservation of topological charge – electric (magnetic) helicity in
time in terms of Φ.
In the second part, the description of linearized gravity hopfions in terms of the
complex scalar field Ψ is presented. The reconstruction of a gravitational hopfion
from such complex, scalar function is performed. We propose a new definition of
a topological charge for spin-2 field in analogy to the electromagnetic case. Hamil-
tonian energy for linearized gravity is discussed. A few quasi-local (super-)energy
densities are presented in terms of the complex scalar Ψ. We compare such quasi-
local (super-)energy densities for gravitational hopfion.
To clarify the exposition, a full explanation of a complex, scalar framework for
electromagnetism/linearized gravity has been placed in the appendix.
1.1 Notation
For convenience we use index notation with Einstein summation convention. Minkowski
spacetime is the background with the metric g = −dt2 + δabdx
adxb. The three-
dimensional spatial metric is denoted by δab. Small latin indices, except t and r,
run spatial coordinates on Σ = {t = const.} slice. The distinguished t and r are re-
spectively time and radius; r is a three-dimensional position vector. Capital letters
represent the axial coordinates on the unit sphere. ‘,’ denotes the partial derivative
∂. ‘|’ is a three-dimensional spatial covariant derivative on {t = const.} surface and
‘||’ denotes a two-dimensional covariant derivative on the sphere of radius r. The
two-dimensional trace is denoted by
(2)
X= gCDXCD and the two-dimensional traceless
part
◦
X AB = XAB −
1
2
gAB
(2)
X . We will denote by T...(µν)... the symmetric part and
by T...[µν]... the antisymmetric part of tensor T...µν... with respect to indices µ and ν
(analogous symbols will be used for more indices).
2 Generalized hopfions in electrodynamics
2.1 Class of generalized hopfions
Consider a class of complex functions on the Minkowski background which are har-
monic:
Φ = 0 (2.1)
1The E-M field can be equivalently represented by the complex scalar field Φ = (E + ıB) · r,
where E – electric vector field, B – magnetic vector field, r – position vector field and ı2 = −1.
Cf. equation (2.1) and the appendix B.
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where  is the d’Alembert operator in Minkowski spacetime.
There exists a bijection between electromagnetic solutions and such complex scalar
fields. For a given Riemann-Silberstein vector Z := E + ıB, complex combination
of electric vector field E and magnetic vector field B, we simply define Φ := Z · r
i.e. Φ is the scalar product of Riemann–Silberstein vector and position vector (c.f.
equation (B.7) and comments nearby). To check the inverse mapping we need to
show the reconstruction of the full EM data Z from a wave function Φ.
From now, we restrict ourselves to use (t, θ, ϕ, r) coordinates2 with metric
δabdx
adxb = dr2 + r2
(
dθ2 + sin2 θdϕ2
)
.
The procedure presented below describes how to recover Riemann–Silberstein
vector field Z from Φ. We would like to stress that the presented procedure can be
used for any smooth solution of (2.1).
The definition of Φ and some of the vacuum Maxwell equations (B.9) and (B.10)
in terms of scalar Φ (in index notation) take the form
∂r (rΦ) = −r
2ZA||A (2.2)
∂tΦ = ıε
ABZA||B (2.3)
Φ = rZr (2.4)
where εAB is a Levi-Civita tensor3 on a sphere t =const., r =const. Hence, quasi-
locally the above formulae enable one to reconstruct Z. More precisely, according
to Hodge–Kodaira theory applied to differential forms on a sphere4, ZAdx
A can be
decomposed into a gradient and co-gradient of some functions α and β
ZA = α,A + εA
Bβ,B (2.5)
The equations (2.2)-(2.5) allow to obtain∆α and∆β. The two-dimensional Laplace
operator∆ on the unit sphere can be quasi-locally inverted with the help of methods
which are presented in appendix A. From now, we restrict ourselves to the function
Φ which is a l-pole like in the formula (2.11). For convenience, we define the time-
radius part φ of Φ:
Φ = φ(t, r)Yl(θ, ϕ) (2.6)
where Yl is the l-th spherical harmonics – eigenfunction of the two-dimensional
Laplace operator on the unit sphere, i.e.
∆Yl = −l(l + 1)Yl (2.7)
2t and r denote respectively time and radial coordinate. θ and ϕ parametrizes the two-sphere.
3It can be defined by the formula εαβγδ = r
2 sin θǫαβγδ, where
ǫαβγδ =


+1 if αβγδ is an even permutation of {t, θ, ϕ, r}
−1 if αβγδ is an odd permutation of {t, θ, ϕ, r}
0 in any other case
For lower dimensional case, we have εabc = εtabc and εAB = εrAB.
4See appendix A.3. There are no harmonic one-forms on a two-sphere.
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We can split α and β into multipoles. We highlight that the multipole decomposition
is convenient to use in the examined case but the reconstruction procedure does not
require multipole splitting in general. (2.6) suggests that only one l-pole will be
non-vanishing in the expansion
ZA = a(t, r)(Yl)
,A + b(t, r)εAB(Yl),B (2.8)
Combining (2.2) with (2.8), the direct formula for complex scalar function a(t, r) is
obtained:
a(t, r) =
∂r (rφ(t, r))
l(l + 1)
(2.9)
Analogically, using (2.3) and (2.8), we obtain the function b(t, r):
b(t, r) = −ı
r
l(l + 1)
∂tφ(t, r) (2.10)
We reconstruct the two-dimensional part of Z. The radial component of Z is alge-
braically related with Φ = Zrr. We recover the full form of Z in that way.
In the context of hopfions, the interesting set of solutions of (2.1) is
ΦH =
rlYl
[r2 − (t− ı)2]l+1
(2.11)
The dipole solution from (2.11) is related to Hopfion solution from [21], so we call
(2.11) generalized hopfions. The properties of solutions (2.11) are discussed in the
sequel at the end of section 2.
2.2 Chandrasekhar–Kendall vector potential
A vector potential is defined up to a gradient of some function by the formula
Z = curlV – cf. appendix B, equation (B.11). The field Z for presented class of
generalized hopfions (2.11) has simple multipole structure. It leads to a similar form
of V . We propose for V following ansatz :
V r = s(t, r)Yl (2.12)
V A = p(t, r)(Yl)
,A + q(t, r)εAB(Yl),B (2.13)
The above formulae and the Maxwell equation (B.11) imply
rφ(t, r) = l(l + 1)q(t, r) (2.14)
a(t, r) = ∂r[q(t, r)] (2.15)
b(t, r) = s(t, r)− ∂r[p(t, r)] (2.16)
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For solutions (2.11), freedom of choice of V enables one to construct vector potential
in Chandrasekhar–Kendall (C–K) form5. C–K potential is an eigenvector of the curl
operator
Z = λ(t, r)V (2.17)
where λ(t, r) is a complex, scalar function. It leads to an overdetermined system of
equations
φ(t, r) = λs(t, r) (2.18)
a(t, r) = λp(t, r) (2.19)
b(t, r) = λq(t, r) (2.20)
It turns out that the equations (2.14-2.16) and (2.18-2.20) for solutions (2.11) are
self-consistent. For (2.11), we introduce the time-radius part (2.6) denoted by
φH(t, r). The solutions are the following functions
s(t, r) =
ıφH(t, r)
2
∂tφH(t, r)
(2.21)
p(t, r) =
ıφH(t, r)∂r(rφH(t, r))
l(l + 1)∂tφH(t, r)
(2.22)
q(t, r) =
rφH(t, r)
l(l + 1)
(2.23)
which represent eigenvector of (2.17) with the following eigenvalue:
λ(t, r) = −ı∂t ln(φH(t, r)) (2.24)
2.3 Conservation of topological charge in time
For electric and magnetic field fulfilling constraints one can introduce vector poten-
tials:
E = curlC , B = curlA , V := C + ıA , Z = curlV
See appendix B for details. Topological charge is related to a number of linkedness
and knotness of the integral curves of the electric E (magnetic B) vector field. For
electromagnetic field, electric helicity
hE =
∫
Σ
C · E (2.25)
and magnetic helicity
hM =
∫
Σ
A · B (2.26)
5Chandrasekhar–Kendall potential is part of a family of fields known as force-free fields and is
of broad importance in plasma physics and fluid dynamics. See [5] and the citations within.
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are quantities which allow one to measure changes of the topological charge (see
[1]). C and A are vector potentials for E and B respectively (see appendix B for
details). Σ means the whole spatial space on a slice {t = const.} and · is a scalar
product. It is convenient to present the helicities in terms of Riemann-Silberstein
vector field Z and its vector potential V :
hE + hM =
∫
Σ
ℜ
(
Z · V
)
= ℜ
∫
Σ
ZaV
b
δab d
3x (2.27)
hE − hM =
∫
Σ
ℜ (Z · V ) = ℜ
∫
Σ
ZaV bδab d
3x (2.28)
where V is the complex conjugate of V and ℜ denotes the real part. Using the scalar
description of E-M fields (appendix B) we can express total helicity (2.27) in terms
of Φ:
hE + hM =
∫
Σ
ℜ
[
ı
(
Φ∆−1∂tΦ− Φ∆
−1∂tΦ
)]
(2.29)
where ı2 = −1 and ∆−1 is an inverse operator to the two-dimensional Laplace
operator on the unit sphere (see appendix A).
The equations (2.29) and (2.1) imply conservation law for total helicity:
∂t (hE + hM) = lim
R→∞
∫
B(0,R)
ℜ
[
ı
(
Φ∆−1∂2tΦ− Φ∆
−1∂2tΦ
)]
= lim
R→∞
∫
∂B(0,R)
ℜ
[
ı
(
Φ∆−1r2∂rΦ− r
2∂rΦ∆
−1Φ
)]
(2.30)
where B(0, R) = {x ∈ Σ : ||x|| ≤ R}. We assume the E-M fields are localized,6
hence the boundary terms at infinity can be neglected. In general, for the quantity
hE − hM (2.28) we have no time dependence. However, in terms of Φ we have
hE − hM = −2
∫
Σ
ℜ
(
ıΦ∆−1∂tΦ
)
(2.31)
and
∂t (hE − hM) = −2
∫
Σ
ℜ∂t
(
ıΦ∆−1∂tΦ
)
(2.32)
which lead to the following
Proposition 2.1. For localized fields, the helicities (2.25) and (2.26) are preserved
in time if and only if ∫
Σ
ℜ∂t
(
ıΦ∆−1∂tΦ
)
= 0 (2.33)
6By localized we mean compactly supported or with fall off sufficiently fast which enables one
to neglect boundary terms.
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The following quasi-local equality∫
∂B(0,R)
Z · Z =
∫
∂B(0,R)
∂t
(
Φ∆−1∂tΦ
)
(2.34)
gives equivalence to the Ran˜ada result in [16]. We highlight that · denotes scalar
product without complex conjugate.
2.4 Discussion
The conservation of topological charge imposes an additional condition (2.33) for
solutions (2.11). The integral in (2.33) for solutions (2.11) contains an integral of a
square of a single multipole Yl over a two-dimensional sphere.
∫ pi
0
dθ
∫ 2pi
0
dϕ(Yl)
2 is
equal to zero for non-zero order m of multipole. We denote Yl = Ylm where l and
m are respectively a degree and an order7 of multipole. Hence these values of m
for each l lead to an E-M field which preserves the topological charge. Such E-M
solution is a generalization of the null hopfion. For l = 1 our solutions with the
maximal order are equal (up to a constant) to the null hopfion described in [21].
The case l = 1, m = 0 corresponds to non-null hopfion from [21].
3 Spin-2 field and generalized gravitational hop-
fions
Consider a weak gravitational field on the Minkowski background. The used complex
scalar framework is related to the linearized Weyl tensor splitted into a tidal (gravito-
electric) part Ekl and frame-dragging (gravito-magnetic) part Bkl (see appendix
C.2). Both Ekl and Bkl are symmetric and traceless. With the help of the constraint
equations,
Ekl|l = 0 (3.1)
Bkl|l = 0 (3.2)
we can quasi-locally describe the field in the terms of complex scalar field Ψ. See the
appendix C.3 for precise formulation and details. The used notation and denotings
are presented in appendix C.
3.1 Reconstruction for linearized gravity field
The reconstruction for linearized gravity field is a generalization of the procedure
for electromagnetic field described in the section 2.1. Constraint equations and the
7Physicists usually use the naming convention which is associated with quantum mechanics. The
degree of multipole is related to spin number and the order of multipole corresponds to magnetic
spin number.
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Hodge–Kodaira decomposition for two-dimensional tensors on a sphere (see appen-
dices A.4 and C.3) enable one to encode quasi-locally a spin-2 field into a complex
scalar field. For a given l-pole field the reconstruction is simplified because the in-
verse operator to the two-dimensional Laplacian has a simple form. In the context
of hopfions, we consider a class of complex scalar fields in the following form
ΨH =
rlYl
[r2 − (t− ı)2]l+1
(3.3)
for l ≥ 2. For convenience, we define
ψH =
rl
[r2 − (t− ı)2]l+1
(3.4)
ΨH = ψHYl is the same function as ΦH (2.11) for the set of generalized electro-
magnetic hopfions. For l = 2, the solution (3.3) is related to gravitational hopfion8,
so we call the set of solutions (2.11) generalized gravitational hopfions. ΨH fulfills
wave equation ΨH = 0 and represents gauge-invariant reduced data for linearized
vacuum Einstein equation. For given l-pole field (3.3) the structure of reconstructed
gravito-electromagnetic tensor Zkl is as follows:
Zrr = ag(t, r)Yl (3.5)
ZrA = bg(t, r)(Yl)
||A + cg(t, r)ε
rAB(Yl)||B (3.6)
(2)
Z = −ag(t, r)Yl (3.7)
◦
ZAB = dg(t, r)
(
(Yl)||AB −
1
2
gAB
r2
)
+ eg(t, r)(Yl)||C(AεB)
C (3.8)
where
ag(t, r) =
ψH
r2
(3.9)
bg(t, r) =
∂r(rψH)
l(l + 1)r
(3.10)
cg(t, r) =
∂tψH
l(l + 1)
(3.11)
dg(t, r) =
∂r (r∂r (rψH))−
1
2
l(l + 1)ψH
l (l + 1) [l (l + 1)− 2]
(3.12)
eg(t, r) =
∂r (r
2∂tψH)
l (l + 1) [l (l + 1)− 2]
(3.13)
which are similar to (2.9)-(2.10) for electromagnetic case.
8The type N hopfion from [21] covers (up to a constant) with the solution from class (3.3) for
l = 2 and for the spherical harmonic with maximum spin number (m = l = 2).
8
3.2 Hamiltonian energy for linearized gravity
In [11] (see also [6] and [7]) one of us proposed energy functional H which takes the
following form in Minkowski spacetime:
H =
1
32pi
∫
Σ
[
(rx˙)∆−1(∆+ 2)−1(rx˙) + (ry˙)∆−1(∆+ 2)−1(ry˙)
+ (rx),r∆
−1(∆+ 2)−1(rx),r − x(∆+ 2)
−1x (3.14)
+ (ry),r∆
−1(∆+ 2)−1(ry),r − y(∆+ 2)
−1y
]
dr sin θdθdϕ
or in terms of Ψ = x + ıy
H =
1
32pi
∫
Σ
[
(r∂tΨ)∆
−1(∆+ 2)−1(r∂tΨ) (3.15)
+ (rΨ),r∆
−1(∆+ 2)−1(rΨ),r −Ψ(∆+ 2)
−1Ψ
]
dr sin θdθdϕ
The formula has its origins in the canonical (Hamiltonian) formulation of the lin-
earized theory of gravity. In this sense it describes a true energy of linearized grav-
itational field. In section 3.4 we remind another two super-energy functionals9 Θ0
(3.23) (see also [8]) and super-energy (3.30) which arises for spin-2 field in a natural
way. In particular, the integrals (3.23) and (3.15) differ by the operator (∆+ 2)−1,
hence for each spherical mode (i.e. after spherical harmonics decomposition) they
are proportional to each other. Hamiltonians for whom functions in multipole ex-
pansions differ by a constant multiplicative factor lead to the same dynamics. We
will discuss in a separate paper [10] how the functional H is related to the following
expression:
16piH =
∫
Σ
(
Eab(−△)−1Eab +B
ab(−△)−1Bab
)
=
∫∫
Σ×Σ
[
Eab (r′)Eab (r
′′)
4pi‖r′ − r′′‖
+
Bab (r′)Bab (r
′′)
4pi‖r′ − r′′‖
]
dr′dr′′ (3.16)
=
∫
Σ
(
Zab(−△)−1Zab
)
=
∫∫
Σ×Σ
[
Zab (r′)Zab (r
′′)
4pi‖r′ − r′′‖
]
dr′dr′′ (3.17)
which is proposed by I. Bialynicki-Birula [2] and has a nice property – it is mani-
festly covariant with respect to the Euclidean group. In the future we also plan to
incorporate boundary terms because we want to generalize the above formulae to
finite region with boundary.
Let us consider localized initial data on Σ, i.e. compactly supported or with
fall off sufficiently fast which enables one to neglect boundary terms. The following
theorem (to be presented in detail in [10])
9We remind a quasi-local densities of such energy functionals. The diffrence is only to integrate
over the radial coordinate i.e. Θ0 =
∫∞
0 UΘ0dr
9
Theorem 3.1. For localized data H = H.
can be checked as follows:
Proof. Let us observe that x = 2xkxlEkl, y = 2x
kxlBkl. If we introduce transverse–
traceless potentials10 e and h:
−△ekl = Ekl , −△hkl = Bkl
where △ is the three-dimensional Laplacian11, then for a := 2xkxlekl, b := 2x
kxlhkl
we get
−△a = x , −△b = y
Moreover, for finite region V ⊂ Σ
16piHV :=
∫
V
(
eklE
kl + hklB
kl
)
d3x (3.18)
=
1
2
∫
V
1
r2
(
(ra˙)(−∆)−1(rx˙) + ∂r(ra)(−∆)
−1∂r(rx) +
1
2
ax
+(rb˙)(−∆)−1(ry˙) + ∂r(rb)(−∆)
−1∂r(ry) +
1
2
by
)
dr sin θdθdϕ
+
1
2
∫
V
1
r2
[
∂r(r
2a˙)∆−1(∆+ 2)−1∂r(r
2x˙) +
1
4
ax (3.19)
+
(
∂r[r∂r(ra)] +
1
2
∆a
)
∆−1(∆+ 2)−1
(
∂r[r∂r(rx)] +
1
2
∆x
)
+
(
∂r[r∂r(rb)] +
1
2
∆b
)
∆−1(∆+ 2)−1
(
∂r[r∂r(ry)] +
1
2
∆y
)
+∂r(r
2b˙)∆−1(∆+ 2)−1∂r(r
2y˙) +
1
4
by
]
dr sin θdθdϕ
Now, we have to integrate by parts many times and finally we obtain energy (3.15)
10Transverse–traceless symmetric tensor-field hkl means hklδ
kl = 0 and hkl|l = 0.
11In Cartesian coordinates it is simply △ =
3∑
i=1
(
∂
∂xi
)2
.
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up to boundary terms
16piHV =
1
2
∫
V
[
(−r2△a˙)∆−1(∆+ 2)−1x˙ + ∂r(−r△a)∆
−1(∆+ 2)−1∂r(rx)
+△a(∆+ 2)−1x + ∂r(−r△b)∆
−1(∆+ 2)−1∂r(ry)
+(−r2△b˙)∆−1(∆+ 2)−1y˙ +△b(∆+ 2)−1y
]
dr sin θdθdϕ
+
1
2
∫
∂V
[
∂r(r
2a˙)∆−1(∆+ 2)−1x˙−
1
2r2
∂r(r
2a)(∆+ 2)−1x (3.20)
+
(
r△a+
1
r
∂r(ra)−
1
2r
∆a
)
∆−1(∆+ 2)−1∂r(rx)
+∂r(r
2b˙)∆−1(∆+ 2)−1y˙ −
1
2r2
∂r(r
2b)(∆+ 2)−1y
+
(
r△b+
1
r
∂r(rb)−
1
2r
∆b
)
∆−1(∆+ 2)−1∂r(ry)
]
sin θdθdϕ
More precisely, the volume term in the above formula equals 16piH given by (3.15).
3.3 Quasi-local (super-)energy density for spin-2 field
We present quasi-local (q-l) energy and super-energy densities for spin-2 field and
linearized gravity. By q-l density we mean a functional which is an integral over
a two-dimensional topological sphere. In the paper, we calculate q-l densities over
{t = const., r = const.} surface. A few of analyzed energies (for example H (3.15))
are defined with the help of q-l integral operator. They do not have density which
can be calculated locally at point. The q-l (super-)energy densities listed below are
presented in general form – they are valid for every localized weak gravitational field
represented as a complex harmonic function Ψ. The compared q-l (super-)energy
densities can be organized as follows:
1. Related to the canonical (Hamiltonian) theory:
(a) The q-l energy density of hamiltonian energy H (3.15) derived from the
canonical formulation of linearized theory of gravity.
UH =
1
32pi
∫
S(t,r)
sin θ
[
(r∂tΨ)∆
−1(∆+ 2)−1(r∂tΨ) (3.21)
+ (rΨ),r∆
−1(∆+ 2)−1(rΨ),r −Ψ(∆+ 2)
−1Ψ
]
where S(t, r) denotes {t = const., r = const.} surface.
(b) Θ0 functional is obtained with the help of Conformal Yano–Killing (CYK)
tensors. The contraction of CYK tensor Qµν with Weyl tensor Wµναβ is a
two-form F
(Q)
αβ = Q
µνWµναβ , where Q
µν∂xµ∧∂xν = D∧∂t is a CYK tensor
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for Minkowski spacetime and D = xν∂ν is a generator of dilatations in
Minkowski spacetime. F
(Q)
αβ fulfills vacuum Maxwell equations. Θ0 is an
electromagnetic energy calculated for F
(Q)
αβ from stress-energy tensor
T EMµν (F ) :=
1
2
(FµσFν
σ + F ∗µσF
∗
ν
σ) (3.22)
where F ∗µλ = 1
2
εµλρσFρσ. See [8] for details. The q-l density of Θ0 is
4piUΘ0 =
∫
S(t,r)
T EM
(
∂t, ∂t, F (W,D ∧ Tt)
)
r2 sin θdθdϕ
=
1
2
∫
S(t,r)
r2
(
EkrE
kr +BkrB
kr
)
r2 sin θdθdϕ
=
1
4
∫
S(t,r)
[
∂t(rΨ)(−∆)
−1∂t(rΨ)
+∂r(rΨ)(−∆)
−1∂r(rΨ) + ΨΨ
]
sin θdθdϕ (3.23)
(c) We compare q-l energy densities for linearized gravity with q-l electro-
magnetic energy densities for the corresponding electromagnetic solution
(compare (3.36) and (3.37) ). Let us define
F1(Φ) :=
[
(r∂tΦ)(−∆
−1)(r∂tΦ)
+(rΦ),r(−∆
−1)(rΦ),r + ΦΦ
]
sin θ (3.24)
F2(Φ) :=
[
∂r(rΦ)∆
−1r∂tΦ + ∂r(rΦ)∆
−1r∂tΦ
]
sin θ (3.25)
The electromagnetic q-l energy density in terms of electromagnetic scalar
Φ is equal to
4piUEM =
∫
S(t,r)
T EM
(
∂t, ∂t,Φ
)
r2 sin θdθdϕ
=
1
4
∫
S(t,r)
F1(Φ)dθdϕ (3.26)
The electromagnetic q-l energy density for the conformal field
K = 2rt∂r +
(
t2 + r2
)
∂t (3.27)
is the following
4piUCEM =
∫
S(t,r)
TEM(K, ∂t,Φ)r
2 sin θdθdϕ
=
1
4
∫
S(t,r)
[(
r2 + t2
)
F1(Φ) + 2rtF2(Φ)
]
dθdϕ (3.28)
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2. Associated to Bel–Robinson tensor. The Bel–Robinson tensor has the struc-
ture
T BRµνκλ := WµρκσWν
ρ
λ
σ +W ∗µρκσW
∗
ν
ρ
λ
σ (3.29)
where (W ∗)αβγδ =
1
2
Wαβ
µνεµνγδ. The spin-2 field equations (C.16) and (C.17)
remain invariant under the global U(1) transformation Zkl → eiαZkl. The
duality invariance12 is a property of Bel–Robinson tensor. The q-l density of
super-energy fulfills
4piUS =
∫
S(t,r)
1
2
TBR(∂t, ∂t, ∂t, ∂t,Ψ)r
2 sin θdθdϕ
=
∫
S(t,r)
uSr
2 sin θdθdϕ
=
1
4
∫
S(t,r)
F3(Ψ) (3.30)
where F3(Ψ) is given by (3.31). Let us introduce
F3(Ψ) :=
1
r2
{
(r∂tΨ)(−∆)
−1(r∂tΨ) + ∂r(rΨ)(−∆)
−1∂r(rΨ) +
1
2
ΨΨ
+
(
∂r[r∂r(rΨ)] +
1
2
∆Ψ
)
∆−1(∆+ 2)−1
(
∂r[r∂r(rΨ)] +
1
2
∆Ψ
)
+∂r(r
2∂tΨ)∆
−1(∆+ 2)−1∂r(r
2∂tΨ) +
1
4
ΨΨ
}
sin θ (3.31)
F4(Ψ) :=
{
1
2
[
∂r(rΨ)(−∆)
−1(r∂tΨ) + ∂r(rΨ)(−∆)
−1(r∂tΨ)
]
(3.32)
+
(
∂r[r∂r(rΨ)] +
1
2
∆Ψ
)
∆−1(∆+ 2)−1∂r(r
2∂tΨ)
+
(
∂r[r∂r(rΨ)]
)
∆−1(∆+ 2)−1∂r(r
2∂tΨ)
}
sin θ (3.33)
The Bel–Robinson charge for a conformal field is as follows
4piUCS =
∫
S(t,r)
1
2
TBR(K, ∂t, ∂t, ∂t,Ψ)r
2 sin θdθdϕ
=
1
4
∫
S(t,r)
[(
t2 + r2
)
F3(Ψ) + 2rtF4(Ψ)
]
dθdϕ (3.34)
where conformal field K is defined by (3.27).
12Introducing Wαβγδ = Wαβγδ + ı
∗Wαβγδ, Bell-Robinson tensor (3.29) has the form T
BR
µνκλ :=
WµρκσWν
ρ
λ
σ. All components of Wµρκσ depend linearly on Zkl, there are no anti-linear complex
conjugate terms Zkl. Hence all components of Bell-Robinson tensor are proportional to “ZZ”
which are invariant under Zkl → eiαZkl transformation.
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3.4 Comparison of the energies for hopfions
In [21], the following super-energy density
uS =
EabE
ab +BabB
ab
2
(3.35)
has been calculated for gravitational type N hopfion. We highlight that type N
hopfion overlap (up to a constant) with the solution from our class (3.3) for l = 2 and
for the spherical harmonic with maximal order (m = l = 2). For such quadrupole
solution
Ψq :=
r2Y22
[r2 − (t− ı)2]3
(3.36)
we analyze q-l (super-)energy densities for linearized gravity (3.21), (3.23), (3.30)
and (3.34) which are presented in the previous section. We compare them with the
electromagnetic q-l energy densities (3.26) and (3.28) for the corresponding to Ψq
(3.36) electromagnetic quadrupole solution
Φq :=
r2Y22
[r2 − (t− ı)2]3
(3.37)
Let us define
ξ(t, r) :=
r4
((r + t)2 + 1)4 ((r − t)2 + 1)4
[
t4 + (
14
5
r2 + 2)t2 + (r2 + 1)2
]
(3.38)
κ(t, r) :=
r5t
((r + t)2 + 1)4 ((r − t)2 + 1)4
[
r2 + t2 + 1
]
(3.39)
η(t, r) :=
r2
((r + t)2 + 1)5 ((r − t)2 + 1)5
[
r8 + (12t2 + 4)r6 (3.40)
+
(
126
5
t4 + 28t2 + 6
)
r4 + (12t6 + 28t4 + 20t2 + 4)r2 + (t2 + 1)4
]
τ(t, r) :=
tr3 (r2 + t2 + 1)
((r + t)2 + 1)5 ((r − t)2 + 1)5
[
t4 +
(
22
5
r2 + 2
)
t2 + (r2 + 1)2
]
(3.41)
The results for quadrupole hopfion are the following:
UH(Ψq) =
1
24
ξ(t, r) (3.42)
UΘ0(Ψq) =
1
3
ξ(t, r) (3.43)
UEM(Φq) =
1
3
ξ(t, r) (3.44)
US(Ψq) =
1
2
η(t, r) (3.45)
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UCEM(Φq) =
4
15
[
5
4
(
t2 + r2
)
ξ(t, r)− 6rtκ(t, r)
]
(3.46)
UCS(Ψq) =
1
2
[(
t2 + r2
)
η(t, r) + 2rtτ(t, r)
]
(3.47)
One can observe the following:
1. The q-l energy densities can be divided into two sets:
X1 = {UH, UΘ0 , UEM ;US} (3.48)
X2 = {UCEM , UCS} (3.49)
Functions in each set have similar properties. It means:
(a) In the set X1 we can distinguish a subset {UH, UΘ0 , UEM}. Q-l (super-)
energy densities in the subset differ by a multiplicative constant. Simple,
single-multipole structure of the solutions (3.36) and (3.37) is responsible
for proportionality of q-l (super-)energy densities in the subset. For solu-
tions with the richer multipole structure relations between the densities
will be more complicated.
(b) The set X2 contains q-l energy densities for the conformal field K (3.27).
For t = 0, the conformal q-l densities are proportional to theirs counter-
parts for ∂t field. r
2 is the proportional factor
UCEM(Φq, t = 0) = r
2UEM(Φq, t = 0)
UCS(Ψq, t = 0) = r
2UEM(Ψq, t = 0)
2. All the above presented q-l (super-)energy densities are localized on light cones
for large t and r.
3.5 Topological charge
We were not able to find a definition of a topological charge for weak gravitational
field in the literature. We propose a quantity which can be a good candidate for a
topological charge and investigate its properties. Consider the following non-local
objects:
hGE =
∫
Σ
Eab(−△−1)Sab =
∫∫
Σ×Σ
Eab (r′)Sab (r
′′)
4pi‖r′ − r′′‖
dr′dr′′ (3.50)
hGB =
∫
Σ
Bab(−△−1)Pab =
∫∫
Σ×Σ
Bab (r′)Pab (r
′′)
4pi‖r′ − r′′‖
dr′dr′′ (3.51)
where △−1 is an inverse operator to the three-dimensional Laplacian △ (details in
appendix A). Pab and Sab are respectively ADM momentum and its dual counterpart
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discussed nearby (C.10) and (C.11). For convenience we work with complex objects13
hG = hGE − hGB = ℜ
∫
Σ
Zab(−△−1)Vab (3.52)
h˜G = hGE + hGB = ℜ
∫
Σ
Zab(−△−1)V ab (3.53)
We list a few properties which support our hypothesis that (3.52) and (3.53) play a
role of a ‘topological charge’:
• Similarities with the electromagnetic case:
– Analogy to the electromagnetic helicity – the quantity (3.52) in terms of
complex scalar field (3.54) is similar to (2.31).
– Analogy to the conservation law – (3.52) is conserved in time if (3.58) is
fulfilled. It is analogous to (2.33).
• (3.52) is conserved in time for an example of gravitational type N hopfion
described in [21].
• Structure comparable to other quantities defined for linearized gravity field,
for example the energy (3.17).
To highlight the analogy with electromagnetic field we express equation (3.52) in
terms of complex scalar field. Using the reduction presented in appendices A.4 and
C.3 the result is as follows:
hG = −ℜ
∫
Σ
ıΨ∆−1 (∆+ 2)−1 ∂tΨ (3.54)
h˜G =
1
2
∫
Σ
ℜ
[
ı
(
Ψ∆−1 (∆+ 2)−1 ∂tΨ−Ψ∆
−1 (∆+ 2)−1 ∂tΨ
)]
(3.55)
If we compare ∂thG and the real part of
∫
Σ
Zkl△−1Zkl in terms of the scalar Ψ then
turns out that they are equal up to the factor 2
∂thG = −2ℜ
∫
Σ
ıZkl(−△−1)Zkl = −ℜ
∫
Σ
ı∂t
(
Ψ∆−1 (∆+ 2)−1 ∂tΨ
)
(3.56)
The gravitational helicity h˜G is preserved in time for all Ψ which fulfill wave equation
∂th˜G =
1
2
∫
S
ℜ
[
ı
(
Ψ∆−1 (∆+ 2)−1 r2∂rΨ− r
2∂rΨ∆
−1 (∆+ 2)−1Ψ
)]
(3.57)
We assume the linearized gravity fields are localized14. The results (3.56) and (3.57)
give
13We use Zab = Eab+ ıBab and V ab = Sab+ ıP ab. See appendices C.2 and C.3 for more details.
14By localized we mean compactly supported or with fall off sufficiently fast which enables one
to neglect boundary terms.
16
Proposition 3.1. For localized fields, the objects hGE (3.50) and hGB (3.51) are
preserved in time if and only if
2ℜ
∫
Σ
Zkl(−△−1)Zkl = ℜ
∫
Σ
∂t
(
Ψ∆−1 (∆+ 2)−1 ∂tΨ
)
= 0 (3.58)
The above theorem corresponds to proposition 2.1 in electrodynamics.
4 Conclusions
In the paper, the electromagnetic hopfions are described in terms of the complex
scalar Φ which contains the full information about Maxwell field — two uncon-
strained degrees of freedom. The scalar Φ formalism for electrodynamics is pre-
sented in appendix B. We generalize the electromagnetic hopfions by the natural
generalization15 of Φ to the higher multipole solution (2.11). The physical quanti-
ties, like energy or helicity, are expressed in terms of the scalar.
The electromagnetic case can be treated as a “toy-model” for the linearized gravity.
Next, the scalar Ψ description of gravito-electromagnetic formulation of linearized
gravity is presented (appendix C.3). In analogy to electromagnetism, we generalize
the gravitational hopfion to higher multipole solution (3.3). We propose the no-
tion of helicity for linearized gravity hGE (3.50) and hGB (3.50). The properties of
gravitational helicities in terms of the scalar Ψ are similar to electromagnetic ones.
We compare gravitational quasi-local densities for quadrupole solution (3.36). The
results are presented and discussed in section 3.4.
The structure of the theory for electromagnetism and linearized gravity can be il-
lustrated on the diagram 1:
Electromagnetism: Linearized gravity:
potentials C
curl

A
curl

EM fields E B
hab
κ

kab
κ

metric
Sab
κ

Pab
κ

momenta
Eab Bab curvature
Diagram 1: Comparison of the structures of electromagnetism and linearized gravity.
Where hab and kab are respectively the linearized metric and its dual companion.
κ is the first order differential operator. For transverse-traceless gauge, κ is simply
the symmetric curl operator for symmetric tensors.
15The scalar Φ for hopfions is equal to rY1
(r2−(t−ı)2)2
. The type of hopfion, namely null or non-null
(see [21]) is related to the order of the dipole.
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We would like to point out the following:
1. Spin-2 field theory (see appendix C.2) starts with linearized Weyl tensor as
a primary object and Bianchi identities play a role of evolution equations.
Theory of linearized gravity has a richer structure. It contains “potentials”
for curvature tensors: metric, momenta and their dual counterparts. See rhs
of diagram 1. That simple observation has consequences for (non-)locality of
densities of energy and helicity.
2. The energy functional for Maxwell theory is constructed from electromagnetic
vector fields E and B. The energy density is local at a point in terms of E and
B. In the case of linearized gravity the Hamiltonian energy density (see (3.17))
becomes local as a combination of the metric and curvature. However, in terms
of spin-2 field, the energy functional (3.17) contains non-local Zkl(−△)−1Zkl
term. More precisely, the object (−△)−1Zkl = (κ
−1)
2
Zkl is locally related to
a combination of metrics hab and kab (see rhs of diagram 1). Another form
of the energy functional ((κ−1Zkl)
2
– square of momenta) contains non-local
integral operator κ−1 which is responsible for the non-locality of energy density
described by (3.17).
3. For helicity of linearized gravity the similar problems occur like for energy. The
natural objects for helicity functional to be local are metric and momenta.
The precise description of κ operator and the structure of linearized gravity will be
presented in a separate paper [10].
Acknowledgements This work was supported in part by Narodowe Centrum
Nauki (Poland) under Grant No. 2016/21/B/ST1/00940.
A Mathematical supplement
A.1 Three-dimensional Laplace operator and its inverse
Consider Laplace equation
△G(r, r′) = −δ(3)(r− r′) (A.1)
with a solution on an open set without boundary. δ(3)(r− r′) is a three-dimensional
Dirac delta. G(r, r′) is the following Green function of (A.1)
G(r, r′) =
1
4pi||r− r′||
(A.2)
The solution of Poisson equation
△u(r) = −f(r) (A.3)
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is the convolution of f(r) and Green function
u(r) =
∫
Σ
f(r′)G(r, r′)dr′ =
∫
Σ
f(r′)
4pi||r− r′||
dr′ (A.4)
A.2 Two-dimensional Laplace operator and its inverse
Consider two-dimensional unit sphere in R3, parameterized by a unit position vector
n. One of the main differences is that the domain of the solutions is the compact
surface without boundary. The conclusions of the Stokes theorem (
∫
S2
∆u(n) = 0)
require a modified problem to be examined than in the three-dimensional case. Con-
sider the following two-dimensional Laplace equation with an additional condition
∆G(n, n′) = 1− δ(2)(n− n′) (A.5)∫
S2
σG(n, n′)dn′ = 0 (A.6)
where σ is area element on S2. We have the solution
G(n, n′) = −
1
4pi
(
ln(
1− n · n′
2
) + 1
)
(A.7)
where ‘·’ is a scalar product of the position vectors16. The solution of the Poisson
equation
∆s(n) = −f(n) (A.8)∫
S2
σf(n)dn = 0 (A.9)
is the convolution of f(n′) and the Green function
u(n) =
∫
S2
f(n′)G(n, n′)dn′ = −
∫
S2
1
4pi
(
ln(
1− n · n′
2
) + 1
)
f(n′)dn′ (A.10)
See [4] and [9] for detailed view, [20] is a specialized literature on the subject.
A.3 Operations on the sphere
Let us denote by ∆ the Laplace–Beltrami operator associated with the standard
metric hAB on S
2. Let SH l denote the space of spherical harmonics of degree l
(g ∈ SH l ⇐⇒ ∆g = −l(l + 1)g). Consider the following sequence
V 0 ⊕ V 0
i01−→ V 1
i12−→ V 2
i21−→ V 1
i10−→ V 0 ⊕ V 0
16For a given point (θ, ϕ) in spherical coordinates on the unit sphere, the three-dimensional
position vector in the Cartesian embedding is n = sin θ cosϕ∂x + sin θ sinϕ∂y + cos θ∂z . Then we
use scalar product with Euclidean metric.
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Here V 0 is the space of, say, smooth functions on S2, V 1 – that of smooth covectors
on S2, and V 2 – that of symmetric traceless tensors on S2. The various mappings
above are defined as follows:
i01(f, g) = f||a + εa
bg||b
i12(v) = va||b + vb||a − habv
c
||c
i21(χ) = χa
b
||b
i10(v) =
(
va||a, ε
abva||b
)
where || is used to denote the covariant derivative with respect to the Levi–Civita
connection of the standard metric hAB on S
2. For more details see appendix E in
[9].
A.4 Identities on the sphere
We have used the following identities on a sphere
−
∫
S(r)
piAvA =
∫
S(r)
(rpiA||A)∆
−1(rvA||A)+
∫
S(r)
(rpiA||BεAB)∆
−1(rvA||Bε
AB) (A.11)
and similarly for the traceless tensors we have∫
S(r)
◦
piAB
◦
vAB = 2
∫
S(r)
(r2εAC
◦
piA
B
||BC)∆
−1(∆+ 2)−1(r2εAC
◦
vA
B
||BC)
+ 2
∫
S(r)
(r2
◦
piAB ||AB)∆
−1(∆+ 2)−1(r2
◦
vAB ||AB) (A.12)
B Scalar representation of electromagnetic field
Let us consider an electromagnetic field on Minkowski background. We present how
to describe electromagnetism in terms of complex scalar function Φ. The section is
organized as follows: we start with a description of standard electric E and magnetic
B fields with help of complex Riemann–Silberstein vector Z = E + ıB. Then, we
decompose Z, in the spherical coordinate system, into radial and angular part. We
show that the radial part is sufficient to recover quasi-locally the whole Z vector.
The vacuum Maxwell equations for electric field vector E, magnetic field B, and
vector potential A are
divE = 0 (B.1)
divB = 0 (B.2)
curlE = −
∂B
∂t
(B.3)
curlB =
∂E
∂t
(B.4)
B = curlA (B.5)
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If electric field E is sourceless then additional vector potential can be introduced17.
It is defined up to a gradient of a function in the following way
E = curlC (B.6)
It is convenient to use one complex electromagnetic vector field Z, called Riemann–
Silberstein vector, instead of E and B. Z is defined as follows
Z = E + ıB (B.7)
where ı2 = −1. For sake of simplicity, we will use complex vector potential V instead
of C and A:
V = C + ıA (B.8)
The vacuum Maxwell equations (B.1–B.5) with vector potential C (B.6) can be
written in the form of three complex, differential equations for vector fields
divZ = 0 (B.9)
curlZ = ı
∂Z
∂t
(B.10)
Z = curlV (B.11)
In the next part of the section, we will use spherical coordinate system. Each vector
w = (wr, wA) can be decomposed into its radial part wr and two-dimensional angular
part wA. The capital letter index runs angular coordinates.
We split two-dimensional vector into its longitudinal wA||A and transversal part
εrABw
A||B. The Maxwell equations in terms of the decomposition have the form:
rZr = Φ (B.12)
r2ZA||A = −∂r(rΦ) (B.13)
rεrABZ
A||B = −ı∂tΦ (B.14)
∆Vr − VC,r
||C = −ı∂tΦ (B.15)
rεrABV
A||B = −Φ (B.16)
B.1 Scalar representation of electromagnetic field in curved
spacetimes
The description of electromagnetism in terms of complex scalar field can be gener-
alized for type D spacetimes (Petrov classification). For example, in [12] it has been
done for Kerr spacetime. The generalization of Φ for Kerr, we denote it by ΦK , is
17We remark that the description of electromagnetism with the help of complex scalar function
holds also without the additional potential.
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constructed from conformal Yano–Kiling tensor Qµν , its dual companion ∗Qµν and
Maxwell field Fµν . ∗ denotes the Hodge duality. The contraction
ΦK :=
ı
2
F µν [Qµν − ı(∗Qµν)]
fulfills extended wave equation
˜ΦK +
2m
(r − ıa cos θ)3
ΦK = 0 (B.17)
which is called Fackerell–Ipser equation. ˜ is d’Alembert operator for Kerr metric.
m and ma are respectively mass and angular momentum of Kerr black hole. r and θ
belong to Boyer–Lindquist coordinates. For detailed results and discussion see [12].
B.2 Simple observation
Let us consider four-dimensional Laplace equation in the four-dimensional Euclidean
space
(4)
△ f(x) = −δ(x) (B.18)
where δ(r) is the Dirac delta. We focus on the following solution of (B.18) given in
the Cartesian coordinates:
f(x) =
1
(x0)2 + ||r||2
(B.19)
where ||r|| = r =
√∑3
i=1 x
2
i . The solution (B.19) can be extended analytically on
Minkowski spacetime by the transformation
x0 = ıt+ 1 (B.20)
We receive
f˜(t, r) =
1
r2 − (t− i)2
(B.21)
which fulfills wave equation on Minkowski background. Now, consider l-th order
differential operator Al which
1. generates a function Fl(t, r) from f˜(t, r) which is proportional to l-th spherical
mode18,
2. commutes with d’Alembert operator.
For l = 1 we have the following example
A1 =
∂
∂x1
± ı
∂
∂x2
(B.22)
18l-th mode from spherical harmonics decomposition which fulfills △Fl = −l(l+ 1)Fl
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and
0 = A1f˜(t, r)
= A1f˜(t, r)
= F1(t, r) (B.23)
hence F1(t, x) fulfills wave equation. The above simple observation enables one to
generate a solution similar (up to a constant) to (2.11).
C Scalar description of linearized gravity
C.1 Equivalent definitions of spin-2 field
Let us start with the standard formulation of a spin-2 field Wµανβ in the Minkowski
spacetime equipped with a flat metric gµν and its inverse g
µν . We consider vacuum
case. The field W can be also interpreted as a Weyl tensor for linearized gravity
(see [3], [6], [9]).
The following algebraic properties:
Wµανβ = Wνβµα =W[µα][νβ] , Wµ[ανβ] = 0 , g
µνW µανβ = 0 (C.1)
and Bianchi identities which play a role of field equations
(4)
∇[λ Wµν]αβ = 0 (C.2)
can be used as a definition of spin-2 field W . The ∗–operation defined as
(∗W )αβγδ =
1
2
εαβµνW
µν
γδ , (W
∗)αβγδ =
1
2
Wαβ
µνεµνγδ
has the following properties:
(∗W ∗)αβγδ =
1
4
εαβµνW
µνρσερσγδ ,
∗W = W ∗ , ∗(∗W ) = ∗W ∗ = −W
where εµνγδ is a Levi–Civita skew-symmetric tensor
19 and ∗W is called dual spin-2
field. The above formulae are also valid for general Lorentzian metrics.
C.2 Gravito-electric and gravito-magnetic formulation
Following Maartens [15], spin-2 field can be equivalently described in terms of
gravito-electric and gravito-magnetic tensors. We perform a (3 + 1)–decomposition
19Defined in footnote 3.
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of the Weyl tensor. The ten independent components of W split into two three-
dimensional symmetric, traceless tensors: the electric part
E(X, Y ) := W (X, ∂t, ∂t, Y ) (C.3)
and the magnetic part
B(X, Y ) := ∗W (X, ∂t, ∂t, Y ) (C.4)
The following relations between W and the three-dimensional tensors hold:
W0kl0 = Ekl , W0kij = Bklε
l
ij , Wklmn = ε
i
klε
j
mnEij (C.5)
The classical formulation of gravito-electromagnetism uses the constraint equations
Ekl|l = 0 (C.6)
Bkl|l = 0 (C.7)
and the dynamical equations
∂tE
kl = εpq(kBl)q|p (C.8)
∂tB
kl = −εpq(kEl)q|p (C.9)
where [curlX ]ab := εcd(aXb)
d|c is the symmetric curl operator for tensors.
ADM momentum P and the dual counterpart S as “potentials” for Weyl
tensor. Analogically to electromagnetic case we introduce potentials for Weyl ten-
sor in gravito-electromagnetic formulation. The potential for gravito-magnetic part
is the ADM momentum P . It fulfills
Bab = εcd(aPb)
d|c (C.10)
The second potential can be introduced for gravito-electrical part
Eab = εcd(aSb)
d|c (C.11)
The potentials fulfill constraint equations
P kl|l = 0 (C.12)
Skl|l = 0 (C.13)
It is convenient to use a complex combination of Ekl and Bkl as follows
Zkl := Ekl + ıBkl (C.14)
and its potentials Pkl and Skl
Vkl = Skl + ıPkl (C.15)
The equations (C.6)-(C.13) in terms of complex objects are
Zkl|l = 0 (C.16)
Z˙kl = −ıεpq(kZ l)q|p (C.17)
Zab = εcd(aVb)
d|c (C.18)
V kl|l = 0 (C.19)
24
C.3 Scalar representation of spin-2 field
Spin-2 field can be represented as a complex, scalar function defined analogically to
the electromagnetic case20. In the spherical coordinates it has the form
Ψ = 2Zklx
kxl = 2Zrrr
2 (C.20)
The recovery procedure of the Zkl field from Φ uses the constraint equations for
linearized Weyl tensor and the dynamical equations. The (2 + 1)–splitting of the
constraint (C.16):
∂r(r
3Zrr) + r3ZrA||A = 0 (C.21)
∂r(r
4ZrA||A) + r
4
◦
Z
AB
||AB −
1
2
r2∆Zrr = 0 (C.22)
∂r(r
4ZrA||Bε
AB) + r4
◦
Z A
B
||BCε
AC = 0 (C.23)
and the (2 + 1)–decomposition of the dynamical equations (C.17) :
∂tZ
rr = −r2εrABZrA||B (C.24)
∂r(r
2∂tZ
rr) = −ır4
◦
Z A
B
||BCε
rAC (C.25)
enables one to express explicitly all electromagnetic components of the Weyl tensor
in terms of Ψ and ∂tΨ:
r2Zrr =
1
2
Ψ (C.26)
r2ZrA||Bε
rAB = −
1
2
ı∂tΨ (C.27)
r3ZrA||A = −
1
2
∂r(rΨ) (C.28)
r2
(2)
Z = −
1
2
Ψ (C.29)
r4
◦
Z
AB
||AB =
1
2
∂r (r∂r(rΨ)) +
1
4
∆Ψ (C.30)
r4
◦
ZA
B
||BCε
rAC =
1
2
ı∂r(r
2∂tΨ) (C.31)
where
(2)
Z= gABZAB and
◦
ZAB= ZAB − gAB
(2)
Z . The scalar is related to a gauge-
independent part of the potential Vab. The (2 + 1) – splitting of (C.18), (C.19) and
20See the equation (2.1) and the comments below.
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use of (C.26–C.31) gives
∆(∆+ 2)V rr = −
(
2ı∂tΨ+ 2ı (rΠ),r + ı(∆+ 2)Π
)
(C.32)
(∆+ 2)V rA||A = ı
∂tΨ+ (rΠ),r
r
(C.33)
2r2V rA||BεrAB = −Ψ (C.34)
r2
(2)
V = Ψ (C.35)
2r2
◦
V
AB
||AB = −ı (∂tΨ−Π) (C.36)
2r4
◦
V
C
A||CBε
rAB =
(
r2Ψ
)
,r
(C.37)
where Π = 2rV rA||A +∆V
r
r is a gauge dependent part.
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